The enumerative geometry of rth roots of line bundles is the subject of Witten's conjecture and occurs in the calculation of Gromov-Witten invariants of orbifolds. It requires the definition of the suitable compact moduli stack and the generalization of the standard techniques from the theory of moduli of stable curves. In [Ch2], we construct a compact stack by describing the notion of stability in the context of twisted curves. In this paper, by working with stable twisted curves, we extend Mumford's formula for the Chern character of the Hodge bundle to the direct image of the universal rth root in K-theory.
Introduction and results
In this paper we investigate the enumerative geometry of the moduli of curves paired with the rth roots of a given line bundle (usually the canonical bundle or the structure sheaf). It is well known that one can construct a proper and smooth stackM r g,n of rth roots of the canonical bundle of genus-g curves or of any of its powers and twists at the markings x 1 , x 2 , . . . , x n , see [Ja00] , [AJ03] , [CCC] , and [Ch2] . In Theorem 1.1.2, we determine the Chern character of ch(R • π * S),
where π : C →M r g,n is the universal curve and S is the universal rth root. The formula for ch(R • π * S) is motivated by the Witten r-spin conjectures, has direct applications to orbifold cohomology, and to the mathematics of Hurwitz numbers, see §1.2 and Section 4.
Main theorem: Grothendieck Riemann-Roch for universal rth roots
Via Grothendieck Riemann-Roch, in Theorem 1.1.2, we express the Chern character of the perfect complex R • π * S in terms of tautological classes: the kappa classes κ d and the psi classes ψ 1 , . . . , ψ n . The calculation takes place on the stackM r g,n , the proper moduli space of rth roots of K = (ω log ) ⊗s (− n i=1 m i [x i ]), where we adopt the notation
The classes κ d = π * (c 1 (ω log ) d+1 ) and ψ i = c 1 (ω| marking x i ), are defined in the Chow ring ofM r g,n rather than in the Chow ring ofM g,n as it usually occurs. In view of applications to enumerative geometry, we provide a formula which allows us to compute intersection numbers directly via products in the tautological ring ofM g,n , Corollary 3.1.35.
The case r = 1: Mumford's calculation for the Hodge bundle. The Hodge bundle H is the direct image of ω onM g,n . In [Mu83] , Mumford provides the following expression for ch(H) in terms of Bernoulli polynomials evaluated at 1
where j is the composite of π and the natural double cover Sing ′ −→ Sing ⊂ C.
(we recall that the singular locus Sing of C →M g,n consists of nodes and the category Sing ′ formed by objects of Sing equipped with the choice of an order for the two branches of the singularity is a double cover of Sing). The class γ d ∈ A d (Sing ′ ) is defined as follows: let ψ and ψ be the first Chern classes of the line bundle whose fibre at each point p ′ of Sing ′ is the cotangent line along the first and the second branch, respectively. Then, we set
and we let γ d be zero for d < 0.
The case r > 1: stack-theoretic curves and Bernoulli polynomials. Our generalization of Mumford's theorem takes place on the proper moduli stackM r g,n of rth roots of
for (2g − 2)s − i m i ∈ rZ. The formula involves Bernoulli polynomials evaluated at s/r and m i /r. In this way, Mumford's calculation corresponds to the case where r, s, and the indexes m i are all equal to 1 andM r g,n equalsM g,n . In [Ch2] , we show that the construction ofM r g,n is just a slight modification of the DeligneMumford compactificationM g,n of M g,n obtained by allowing stable curves (curves C with nodes and finite automorphism group Aut(C)). Similarly, the stackM r g,n is a compactification of the stack M r g,n , which classifies smooth curves with an rth root of K. It is obtained by enlarging the category M r g,n to new geometric objects: rth roots of K on r-stable curves, which are stack-theoretic curves C with stable coarse space, representable smooth locus, and nodes p : Spec C → C such that Aut C (p) is isomorphic to µ µ µ r .
As in Mumford's calculation, we need to consider the composite of the double cover of the singular locus and the morphism C →M r g,n j : Sing ′ →M r g,n .
In the Chow ring of Sing ′ we define the cycles ψ and ψ so that ψ/r and ψ/r are the first Chern classes of the line bundles whose fibres are the cotangent lines along the first branch and the second branch, respectively (in this way ψ and ψ are the first Chern classes of the bundles formed by lines which are cotangent to the coarse space).
Recall that C is equipped with the universal rth root S. For each point p ′ of Sing ′ , the restriction of S to the first branch yields a multiplicity index q(p ′ ) ∈ {0, . . . , r − 1}, locally constant on Sing ′ (as a representation of µ µ µ r , the line bundle S on the point lifting the node to the first branch is a qth power of the representation attached to the tangent line, see Remark 2.2.3.(1)). We get a decomposition of Sing ′ and the restriction morphisms 
Applications
The enumerative geometry of rth roots of line bundles has several applications in the theory of moduli of curves. In Section 4, we illustrate the relation with the crepant resolution conjecture and with Witten's conjecture.
The crepant resolution conjecture. The crepant resolution conjecture predicts that the Gromov-Witten potential of a Gorenstein orbifold and that of any crepant resolution of the coarse space are equal after a change of variables. A nontrivial example is the orbifold [C 2 /µ µ µ r ] where only a few cases with low r have been shown (see [BGP] for a proof in the case of genus-0 potential for r = 3). For crepant resolutions of C 2 /µ µ µ r , the (genus-0) Gromov-Witten potential can be calculated via deformation (see [BGP, §2] ). As discussed in §4.1, stable maps to [C 2 /µ µ µ r ] are related to rth root of O(−D), where D is a divisor supported on the markings. Theorem 1.1.2 and the formulae expressing Chern classes in term of the Chern character, allow a direct calculation of the Gromov-Witten potential of [C 2 /µ µ µ r ] for any r.
Witten's conjecture. Witten's conjecture concerns directly rth roots of ω(−D), where D is an effective divisor supported on the markings. It predicts that a generating function of invariants of the moduli stacks encodes a solution of the Gelfand-Dikȋ hierarchy. The definition of such invariants is only sketched by Witten in [Wi93] : the technical difficulty lies in the case where the direct image of the universal rth root is not represented by a vector bundle. Two different but equivalent definitions of the invariants have been given in [PV01] and [Ch1] and involve the perfect complex R • π * S.
It is not clear how the Chern character R • π * S from Theorem 1.1.2 is related to Witten's invariants and whether it can be used to compute them. In Section §4.2 we illustrate the conjecture and provide a slight reformulation; we also discuss some examples of the invariants involved.
We point out that the Chern classes of R • π * S are expected to be related to Hurwitz numbers via a conjecture by Zvonkine, which generalizes the ELSV formula concerning the Chern classes of the Hodge bundle, see (4.2.12).
GRR formulae. In the proof of Theorem 1.1.2 we start from a stack-theoretic curve C equipped with the rth root S on a base scheme X; then, we work in the cohomology ring of the desingularization C of the coarse space C of C. In this way, the curve C is semistable and is equipped with a line bundle S whose direct image on the base scheme X coincides with that of the universal rth root S on C, Lemma 2.2.21. This allows us to carry out the calculation in the scheme-theoretic context via the standard GRR formula for schemes.
The statement of Theorem 1.1.2 can be also obtained via Toen's GRR formula for stacks [To99] : this alternative approach is illustrated in §3.3 and the result coincides with the formula of Theorem 1.1.2. In this comparison, the main difficulty is the identification of the formula of Theorem 1.1.2, which lies in rational cohomology, with the formula given by Toen's theorem, which is naturally stated in terms of cohomology classes with "coefficients in the representations". We point out that this problem also occurs in the proof of Tseng's orbifold quantum Riemann-Roch, the formula expressing the generating function of twisted Gromov-Witten invariants in terms of the generating function of the untwisted invariants, [Ts] . There, stack-theoretic curves also occur, and Toen's GRR is applied; in [Ts, §7.2.6], by means of calculations in the rth cyclotomic field, the "coefficients in the representations" are expressed in terms of Bernoulli polynomials.
Terminology
Throughout this paper we work over the field of complex numbers C.
We adopt the terminology of [LM00] for stacks. For Deligne-Mumford stacks there is a natural 2-functor to the category of algebraic spaces associating to a stack an algebraic space which is universal with respect to morphisms to algebraic spaces. We usually refer to it as the coarse space.
We often need to describe stacks and morphisms between stacks locally in terms of explicit equations. Let X and U be algebraic stacks and let x ∈ X and u ∈ U be geometric points. We say "the local picture of X at x is given by U (at u)" if there is an isomorphism between the strict henselization X sh of X at x and the strict henselization U sh of U at u. We refer to [ACV03] or [Ch2] where the same terminology is used.
1.3.1 Notation (moduli of stable curves). For 2g − 2 + n > 0, the categoryM g,n of stable curves of genus g with n markings is a proper, smooth, and irreducible stack of Deligne-Mumford type [DM69] of dimension 3g−3+n. The full subcategory M g,n of smooth curves is an open substack.
1.3.2 Remark. We often consider nodal curves C → X with sections X → C in the smooth locus. We point out that there is a canonical isomorphism between s * ω C/X (X) and O X .
Structure of the paper.
In Section 2 we recall the construction ofM r g,n and we set up the notation. In Section 3 we prove the theorem stated above. In Section 4, we illustrate the applications mentioned in (1.2).
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Previous results on moduli of curves and rth roots
In this section, we recall the definition ofM r g,n , the proper moduli stack of rth roots of
For degree reasons, the category of rth roots of K is nonempty if and only if we have
It is known that there exists a proper stack of rth roots of K, see [Ja00] , [AJ03] , [CCC] , and [Ch2] . Here we follow the construction of [Ch2] , where we show that the only difficulty lies in defining a new compactification of M g,n .
2.1 Compactifying M g,n using r-stable curves instead of stable curves 2.1.1 Definition (r-stable curve). On a scheme X consider a proper and flat morphism of stacks C → X with n ordered section x 1 , . . . , x n : X → C, mapping into the smooth locus of
The data (C → X, x 1 , . . . , x n ) form an r-stable curve of genus g with n markings if
(1) the fibres are purely 1-dimensional with at most nodal singularities, (2) the smooth locus C sm is an algebraic space, (3) the coarse space C → X with the sections x 1 , . . . , x n is a genus-g n-pointed stable curve (C → X, x 1 , . . . , x n ), (4) the local picture at a node is given by [U/µ µ µ r ] → T , where
for some t ∈ A, and • the action of µ µ µ r is given by (z, w) → (ξ r z, ξ −1 r w). 2.1.2 Remark. For any r-stable curve as above we denote by ω log C/X the sheaf of logarithmic differentials defined as ω 
For each r, the notion of r-stable curve yields a compactification of the stack of n-pointed genus-g stable smooth curves (recall that stability in the case of smooth curves only means 2g − 2 + n > 0). The following theorem is due to Olsson [Ol] and is stated in this form in [Ch2, 4.1.4, 4.2.7].
2.1.5 Theorem ( [Ol] , [Ch2] ). The moduli functorM g,n (r) of r-stable n-pointed curves of genus g forms a proper, smooth, and irreducible Deligne-Mumford stack of dimension 3g − 3+ n.
In this way, for any r > 1 and for 2g − 2 + n > 0, we get new compactifications of the stack of smooth n-pointed curves M g,n , whereas the stack of 1-stable curvesM g,n (1) is the stack of stable curvesM g,n in the sense of Deligne and Mumford. There is a natural surjective, finite, and flat morphismM g,n (r) →M g,n (1) which is invertible on the open dense substack of smooth n-pointed genus-g curves and yields an isomorphism between coarse spaces. The morphism is not injective; indeed, the restriction ofM g,n (r) →M g,n to the substack of singular r-stable curves has degree 1/r as a morphism between stacks.
2.1.6 Remark ( l-stability). In fact in [Ch2] , we classify all compactifications of M g inside Olsson's nonseparated stack of twisted curves: stack-theoretic curves with representable smooth locus and nodal singularities with finite stabilizers. In this way, we hit upon the notion of l-stability, which we recall in passing even if it will not be used in this paper. For simplicity, let us consider the case of unmarked curves. A node of a stable curve over C has type 0 if its normalization at the node is connected, whereas it has type i ∈ {1, . . . , ⌊g/2⌋} if it is the union of two disjoint curves of genus i and g − i. For l = (l i | i ∈ {0, 1, . . . , ⌊g/2⌋}), a twisted curve is l-stable if its nodes of type i have stabilizers of order l i . We point out that when all entries of l equal r, an l-stable curve is nothing more than an r-stable curve in the sense of Definition 2.1.1.
2.1.7 Remark (the singular locus of the universal r-stable curve). In Section 3, we work in thé etale topology ofM g,n (r). Let X be a scheme and X →M g,n (r) be anétale morphism; then, the corresponding r-stable X-curve is a morphism p : C → X whose variation is maximal: the Kodaira-Spencer homomorphism
is surjective for any geometric point x inM g,n (r). In this case, the following facts derive from the theory of moduli of nodal curves and r-stable curves (see [Ol] and [Ch2] ).
(1) The stack C:
The r-stable curve C is a regular stack, and the singular locus Sing( C/X) of π : C → X is regular of codimension two in C. The image of Sing( C/X) in X with respect to π is a normal crossing divisor (the pullback in X of the boundary locus via X →M g,n (r), see [Ol] ). Note that the local picture of π at any point x ∈ Sing( C/X) is given by
where
, and µ µ µ r acts as (z, w) → (ξ r z, ξ −1 r w). (2) The coarse space C of C:
If we consider the coarse space of C; then, we get an algebraic scheme C with singularities of type A r−1 on every point of the singular locus. More precisely, using the local picture given at the previous point, we see that the singular locus Sing(C/X) of the stable curve π : C → X is a regular scheme, has codimension two in C, and the local picture of π at any of its points is given by the spectrum of
Note that π(Sing( C/X)) equals π(Sing(C/X)) and is a normal crossings divisor in X.
(3) The desingularization C of C:
The desingularization of π : C → X is a semistable curve π : C → X. See the fibre of π in ... the figure (the exceptional locus of C → C is drawn with continuous lines and the rest of the curve with dotted lines). The scheme C is regular, and the singular locus Sing(C/X) is a regular scheme, of codimension two inside C, and in fact it is anétale cover of Sing(C/X) of degree r (the desingularization is indeed obtained by repeating ⌊r/2⌋ blowups of the singular locus starting from C). Note that, for r > 1, Sing(C/X) lies in the exceptional locus Ex(C → C) of the desingularization ν : C → C, because for r = 1 every node of the curve C → X is a singular point of C.
We now show how the compactificationM g,n (r) illustrated above allows us to define easily a proper stack of rth roots of K. The above description of the singular loci will be generalized and further developed in Remark 2.2.3.
Roots of order r on r-stable curves
Once the moduli stack of r-stable curve is defined, the construction follows naturally. The category of rth roots of
on stable curves with n markings x i ∈ C forms a stack which is not proper; instead, we consider rth roots of K on r-stable curves.
The moduli functorM r g,n of rth roots of K on r-stable curves forms a proper and smooth stack of Deligne-Mumford type of dimension 3g − 3 + n. For K = O, the stackM r g,n is a group stack G onM g,n (r). In generalM r g,n is a finite torsor on M g,n (r) under G. The morphismM r g,n →M g,n (r) isétale; it factors through a µ µ µ r -gerbe and a representableétale r 2g -fold cover; therefore, it is has degree r 2g−1 .
Remark.
In fact, in [Ch2, Thm. 4.2.3] we completely determine the values of l for which we have the properness of the stack of rth roots of K on curves satisfying l-stability in the sense illustrated in Remark 2.1.6. As explained above, when all entries of the multiindex l equal r, saying that a curve is r-stable is equivalent to saying that a curve is l-stable. From the point of view of enumerative geometry, all choices of l are equivalent, because the rational cohomology of a Deligne-Mumford stack only depends on the coarse space, and the coarse space of the compactification does not depend on l.
2.2.3 Remark (characteristic classes of the singular locus). We write C for the universal curve overM r g,n and S for the universal rth root of K on C. Again, after base change via anétale morphism X →M r g,n , we focus on an r-stable curve p : C → X equipped with an rth root S. As above, we denote by C → X its coarse space, and by C → X the desingularization of C → X.
(1) The singular locus of the r-stable curve C → X:
The singular locus Sing( C/X) has a natural 2-foldétale cover
which corresponds the two possible ways of ordering the branches incident to the nodes. We write ι : Sing
for the involution interchanging the sheets of ε. Note that at every point of Sing ′ ( C/X) there is a prescribed order of the branches and of the respective cotangent lines; let L be the line bundle on Sing ′ ( C/X) whose fibre on each point is the cotangent line to the first branch. The cotangent lines to the second branch yield the line bundle ι * L. The line bundles L and ι * L introduced above satisfy the following relation
where N f denotes the (locally free) normal sheaf of f : Sing
where j is the morphism Sing ′ ( C/X) → X. This happens because, using the definition of the normal sheaf, we have
where the last equality holds because f * ω C/X is trivial (recall Remark 1.3.2 and the definition of the relative cotangent sheaf of a nodal curve; the claim extends to r-stable curves by (2.1.4)).
The universal rth root S and, more precisely, its restriction S to C determines the open and closed substacks of Sing ′ ( C/X):
The stack Sing ′ ( C/X) q contains the point p ′ of Sing ′ ( C/X) if the local picture of the
where U equals V [z, w]/(zw = 0), z and w are the local coordinates of the first and second branches matching the order of the branches associated to p ′ , and the µ µ µ r -action fixes V and operates on the remaining coordinates as
Clearly, Sing ′ ( C/X) is the union of the disjoint substacks Sing ′ ( C/X) q :
Note that the involution ι maps Sing ′ ( C/X) q to Sing ′ ( C/X) r−q where r − q = r − q for q > 0 and 0 for q = 0.
(2) The singular locus of the stable curve C → X:
When we consider C instead of C, we introduce as above Sing(C/X), the natural 2-fold cover ε : Sing ′ (C/X) → Sing(C/X), the involution ι of Sing(C/X), and the line bundle L. Since Sing(C/X) is the coarse space of the singular locus of C → X, the decomposition (2.2.8) still holds Sing(C/X)
Note that L is the cotangent line to the coarse branch; therefore, it satisfies
where p C is the natural morphism from C to its coarse space C. Using (2.2.4) and (2.2.10), we can easily deduce the relation
where N j is the normal sheaf of j : Sing ′ (C/X) → X. In fact, in the next point, we provide an argument proving (2.2.11) and giving a more detailed description needed in the proof of the main theorem.
(3) The singular locus of the semistable curve C → X:
We desingularize C → X and we get C → X. Note that Sing(C/X) → Sing(C/X) is ań etale r-fold cover. In general, such a cover is not trivial; however, after base change to Sing ′ (C/X), we have the isomorphism
where for each i, Sing ′ (C/X) (i) denotes a copy of Sing ′ (C/X) and the trivializing isomorphism is given once we define the locally constant index i on Sing ′ (C/X) as follows. For p ′ ∈ Sing ′ (C/X) consider the chain E ∈ C of r − 1 lines mapping to ν(ε(p ′ )) via ν : C → C and take its normalization E ′ ⊔ E ′′ → E at the node ε(p ′ ) in such a way that E ′ contains the first branch of the node. We define i as the number of nodes of E ′ . It is easy to see that the points having index i form a stack isomorphic to Sing ′ (C/X).
Note that the base change of Ex(C → C) → Sing(C/X) via Sing ′ (C/X) → Sing(C/X) followed by normalization, yields r − 1 disjoint P 1 -bundles ordered according to the above decomposition of Sing ′ (C/X): the ith bundle E ′ i is fibred in projective lines joining the (i − 1)st singularity to the ith singularity, see Figure 2 .
... By definition, the involution interchanging the two sheets of Sing
q,i , and the involution i E maps E q,i to E r−q,r−i with the convention r = 0. Write
for the two special sections of E ′ q,i and E ′ q,i+1 mapping via normalization to the ith singularity. Their respective conormal sheaves yield line bundles L q,i and L q,i on Sing
By setting L q,0 = L and L q,r−1 = ι * L from the previous point, we define L q,i and L q,i for all 0 ≤ q, i ≤ r − 1. Since C is a regular scheme, the argument (2.2.5) holds and we have
where j q is the natural morphism Sing ′ (C/X) q → X. For 0 < i < r − 1, the line bundles L q,i and L q,i+1 are dual to each other, since they are two disjoint sections in the projective line bundle E ′ q,i+1 . Therefore, applying (2.2.12)
2.2.13 Notation. From the above constructions, we record some notation needed in the proof of the main theorem. We start from theétale morphism X →M r g,n , which is equivalent to assigning C → X and the rth root S.
for the singular locus of the stable curve C → X, coarse space of the r-stable curve C → X.
for the 2-foldétale cover classifying the two possible ways of ordering the incident branches and ι for the involution exchanging the sheets. We write
where N j is the normal sheaf of the natural morphism j :
for the restriction of j : Z → X to the open and closed subscheme Z ′ q = Sing ′ q (C/X) in Z ′ defined at point (1), equation (2.2.7), using the universal rth root, see (2.2.6). Essentially, Z ′ q contains all nodes with ordered branches in Z ′ such that the character attached to the rth root on the first stack-theoretic branch equals ξ r → ξ q r . Clearly, the union of Z ′ q for 0 ≤ q ≤ r − 1 is Z ′ . We write τ q for the restriction of τ to Z q (when there is no ambiguity we simply write τ ).
where L and ι * L are the line bundles of cotangent lines along the first and the second branches introduced at point (2) above. Clearly, we have ψ = ι * ψ.
for the P 1 -bundles on Z ′ q obtained from the exceptional locus Ex(C → C) via base change via Z ′ q → Z and normalization (see Figure 2 for the description of the labelling q, i).
for i = 0, and
for i = r − 1 (2.2.14)
for the sections lifting the ith node to the bundles E ′ q,i and E ′ q,i+1 (see Figure 2 ). We write L q,i and L q,i for the corresponding conormal sheaves. By setting L q,0 = L and L q,r−1 = i * L we extend the definition of L q,i and L q,i to all 0 ≤ q, i ≤ r − 1. We set
As noted above these classes satisfy the relations
where the first two equalities immediately imply the remaining two.
g) Let us adopt the convention r = 0; then, for 0 ≤ q ≤ r − 1, the P 1 -bundles E ′ q,i and E ′ r−q,r−i are sent by the normalization morphism and by the projection to C to the same divisor
The exceptional locus of the desingularization C → C can be written as:
for the composition of λ q,i and λ q,i of (2.2.14) with the normalization and
for the natural inclusion of E q,i in C. Note that ρ q,i • σ q,i and ρ q,i • σ q,i coincide; we denote such composite morphism by j q,i . The morphisms above fit in the following commutative diagram
(the diagram remains commutative if we replace j q,i , σ q,i , and j q,i with λ q,i−1 , σ q,i−1 , and j q,i−1 ).
We conclude this section with a result allowing to calculate the Chern character of S. We define the q-chain divisor D q ; then, we prove that it is strictly related to S, Lemma 2.2.21. Take q ∈ {1, . . . , ⌊r/2⌋ − 1}, and define D q by summing the divisors E q,i for 1 ≤ i ≤ r − 1 with multiplicities ranging from q to r − q as follows: we start with multiplicity q and we increase up to (r − q)q with step q; then, we decrease with step r − q until we reach r − q.
... ... For 0 ≤ q ≤ ⌊r/2⌋, we give the formal definition of D q as follows
2.2.20 Remark. Let us consider a nodal curve given by the union of two curves C 1 and C 2 meeting at one node. Assume that the node is replaced by a chain H of r − 1 projective lines as above. Then, the q-chain divisor supported on H has degree −r on the component E q,q , 0 on the remaining components of the chain, r − q on C 1 , and q on C 2 .
2.2.21
Lemma. In the situation described above, let S be the rth root on C, let S be its direct image on C, and let ν : C → C be the desingularization. Then, there exists a line bundle S on C satisfying
Proof. The statement follows from results of Cornalba [Co87] for square roots generalized to the case r > 2 by Jarvis [Ja00], [Ja01] and by Caporaso, Casagrande, and Cornalba in [CCC] . We contract the divisors E q,i for 0 ≤ q ≤ ⌊r/2⌋ and i = q (in particular all divisors E 0,i are contracted). In this way, we obtain a semistable curve Q → X and a morphism ν Q : Q → C, whose exceptional locus is a divisor fibred in projective lines; more precisely, by construction, Ex(ν Q ) is the disjoint union of the images I q of E q,q for 0 < q ≤ ⌊r/2⌋
via C → Q. Note that I q is not a Cartier divisor: each fibre of I q on C contains two singular points, whose local pictures in Q are given by {xy = t q } and {xy = t r−q } in C dim X+2 . On the other hand the divisor q(r − q)I q is a Cartier divisor in Q and if we regard I q as a P 1 -bundle, on each fibre
Jarvis [Ja01, Thm. 3.3.9] shows that there is a line bundle S Q on the semistable curve Q which is sent to S via direct image to C, and which is equipped with an isomorphism
(see [Ja01] , in particular pt. 1-3 after Lem. 3.3.8, the proof of Thm. 3.3.9, and Fig. 1 therein) . Indeed, Q is realized as Proj( k≥0 Sym k (S)) and, with respect to such isomorphism, S Q is identified with O(1), see [CCC, §4.2 and Prop. 4.2.2] and Falting's description of torsion-free sheaves in [Fa96] and [Ja98, §3.1 and §3.2]. In fact, it should be also noted that the realization of the direct image of S Q as a direct image from the stack C is due to Abramovich and Jarvis, [AJ03, Prop. 4.3.1].
It is easy to see that pulling q(r − q)I q back to C via C → Q yields the divisor D q ; therefore, the pullback of S Q to C yields the line bundle S satisfying the properties stated above.
Grothendieck Riemann-Roch for the universal rth root
We work with the moduli stackM r g,n of rth roots of K on r-stable curves. Let C be the universal r-stable curve, and let S be the universal rth root.
The proof of the main theorem
3.1.1 Notation (tautological classes). For any r-stable n-pointed curve C → X with markings x 1 , . . . , x n : X → C, we write
and
By [AC] , we have
The cohomology classes and relations introduced above are usually given in literature for the category of stable curvesM g,n ; however they equally hold for r-stable curves by (2.1.4).
Notation (Bernoulli polynomials and numbers).
The Bernoulli polynomials B n (x) are defined by e tx t e t − 1 =
We recall that the Bernoulli polynomials satisfy the property B n (x) = (−1) n B n (1 − x) and
which can be regarded as a formula expressing Bernoulli polynomials in terms of Bernoulli numbers B n (0).
Proof of Theorem 1.1.2. We prove the Theorem in theétale topology of the stack of rth roots of K; therefore, we work directly with C, C, and C over a base scheme X, and the rth root S on C. In order to calculate ch(R • π * S) we proceed in three steps as follows.
(1) We consider the desingularization π : C → X of C → X. By Lemma 2.2.21, R • π * S equals R • π * S, for a line bundle S ∈ Pic(C) whose first Chern class can be expressed in the rational Chow ring in terms of K = c 1 (ω C/X ), the divisors ∆ 1 , . . . , ∆ n specifying the markings, and the q-chain divisors D q . The calculation boils down to two distinct terms on which we focus in the second and third step of the proof.
(2) We focus on the terms involving K and ∆ i .
(3) We conclude the calculation on the boundary locus.
Step 1. The curve C → X is a flat and proper morphism between regular schemes. Therefore, we can apply Grothendieck Riemann-Roch (GRR) in the form
We adopt Mumford's notation for the Todd character for any line bundle R we have
Recall the exact sequence 0
By (2.2.22), the right hand side equals
where K is c 1 (ω C/X ). We make the following observations.
(1) For each i the divisor ∆ i is disjoint from Sing(C/X).
(2) The intersections between K and any cycle in Sing(C/X) vanish (see Remark 1.3.2).
(3) The intersections between K and any divisor D q vanish (in other words C → C is crepant).
(4) The divisor D q is disjoint from D q ′ for distinct indexes q and q ′ satisfying 1 ≤ q, q ′ ≤ ⌊r/2⌋.
In this way, the term (3.1.6) is the direct image via π * of
(3.1.7)
Step 2 and Step 3 are devoted to the first and the second summand of (3.1.7), respectively.
Step 2. We consider the term
Using Bernoulli polynomials we expand the term inside the brackets in the formula above as the product of
The direct image via π of terms in degree 0 vanishes and the divisors ∆ i are disjoint; therefore, we are only interested in the direct image of the following sum,
We now identify the term in degree d + 1 in the above sum (since π is of relative dimension 1 the terms in degree d + 1 contribute to ch d ). The first summand contains only one term in degree
The contribution of the second summand in degree d occurs for each i = 1, . . . , n and equals
Using (3.1.5) we get and we simplify the above term:
Putting everything together we express the term (3.1.8) as
------------
Step 3. We now consider the second summand in (3.1.7). We omit π * (1) because π is a morphism of relative dimension 1. Therefore, we focus on
and show that it equals 1 2
Using the decomposition of Sing
Then, we replace (td
and we expand using the fact that the divisors D 1 , . . . , D ⌊r/2⌋ are disjoint
(3.1.13)
We adopt the convention q = r − q (3.1.14)
for all q ∈ {0, . . . , r − 1}. In this way, we have the following lemma.
3.1.15 Lemma. For q and i satisfying 0 ≤ q ≤ ⌊r/2⌋ and 0 ≤ i ≤ r − 1, we have
Proof. We use Notation 2.2.13.(h) and we calculate (j q,i ) * E q,i by factoring j q,i as the composite of ρ q,i and σ q,i . Similarly, we calculate (j q,i ) * E q,i+1 by factoring j q,i as the composite of ρ q,i+1 and σ q,i . We get
and, similarly, (j q,i ) * E q,i+1 = (σ − q,i ) * N E q,i+1 /C . Therefore, (j q,i ) * E q,i is the first Chern class of the line bundle whose fibres are tangent along the branches orthogonal to E q,i . In this way, we have (j q,i ) * E q,i = − ψ q,i and (j q,i ) * E q,i+1 = −ψ q,i .
For 0 < q ≤ r/2 the definition of D q and the relations listed in Notation 2.2.13.(f), imply
We expand the formula obtained in (3.1.13)
We split the summation over i into a first summation ranging over the indexes i < q and a second summation ranging over the indexes i ≥ q. In this way, we can apply Lemma 3.1.15 and the above equation can be rewritten as follows (we omit π * (1) because it vanishes and we write π • j q,i as j q )
Note that when m is odd, ψ q,i is opposite to ψ q,i+1 and recall that ψ q,i + ψ q,i equals τ = ψ/r+ ψ/r. In this way, using the relation ψ q,i = qψ/r + q ψ/r from (2.2.18), we rewrite the term between brackets in the second summand above as the sum α d−1,q + α d−1,q , where α d,q is defined as
and α d,q is defined as α d,q after the exchanges ψ ↔ ψ and q ↔ q.
3.1.18 Lemma. For d ≥ 0 and 1 ≤ q ≤ ⌊r/2⌋, we have
The proof uses the morphisms ρ q,i , σ q,i , and σ q,i−1 introduced in Notation 2.2.13.(h). We recall the commutative diagram
is the first Chern class of the conormal bundle relative to j Z : Z → X. We now consider D q for 1 ≤ q ≤ r/2
For 1 ≤ q < r/2, we have
which, for q = r/2, can be written explicitly as
(for q = r/2, the above formula holds if we erase the third line and the term q(σ q,q ) * (1) in the second line). We finally expand each summand in the equation above. Recall that, if h is positive and a, b, and c commute and satisfy bc = 0 we have
For t > 0, we have the relations
So, for any t > 0 and l ≥ 0, we have
and similarly for σ q,i−1 . We are interested in the direct image of (−D q ) d+1 via π, so we note π * η * τ Z = (j Z ) * η * η * τ Z = 0. We also note that both π * (ρ q,q ) * ( σ q,i−1 ) * and π * (ρ q,q ) * ( σ q,i ) * equal (j q ) * , we recall the relation ψ q,i = − ψ q,i−1 from (2.2.16), and we deduce that the direct image vie π of all summands in the above formulae for (−D q ) d+1 corresponding to i = q vanish (the key fact is ψ q,i + ψ q,i+1 = 0, which implies
The direct image π * ((−D q ) d+1 ) boils down to
Then (3.1.19) yields
(3.1.20)
Therefore, for q = r − q, we have
qψ − q ψ and for β d,q defined as β d,q after the usual exchanges q ↔ q and ψ ↔ ψ. We observe that −((ψ + ψ)q q/r) d+1 /( qψ − q ψ) is antisymmetric with respect to such transformation. So we get
and the claim.
We now can show that (3.1.10) equals (3.1.11), which is the objective of this step of the proof. We have shown that (3.1.10) equals α d,q − β d,q − β d,q + α d,q , which can be written explicitly as
and easily rewritten as 1/(ψ + ψ) times
We regard the above sum as a homogeneous polynomial of degree d + 1 in the variables ψ and ψ. We show that, for any l = 1, . . . , d, the coefficient of the term ψ l ψ d+1−l vanishes. Indeed, it equals
By (3.1.5), it is easy to see that the above expression vanishes for l = 1. The claim holds by induction for 1 ≤ l ≤ d, because summing the terms corresponding to l and l + 1 yields r(−1) (For a = 0 or b = 0 the last equation is simply (3.1.5), whereas the generalization for any a and b is an easy consequence.) In order to conclude the proof of the equality between (3.1.10) and (3.1.11), it remains to show that the coefficient of ψ d+1 and ψ d+1 equal rB d+2 (q/r) and rB d+2 ( q/r), respectively. Indeed, the coefficient of ψ d+1 is equal to
Applying (3.1.5), we get
, which equals rB d+2 ( q/r). The same argument for the coefficient of ψ d+1 allows us to rewrite (3.1.23) as
by B n (x) = (−1) n B n (1 − x) and z d+1 + (−1) d w d+1 = (z + w) i+j=d z i (−w) j , we conclude that the term (3.1.10) considered at the beginning of Step 3 equals (3.1.11). This completes the proof of the theorem.
Remark (calculation of Chern classes). Let ch d denote the term in degree d of the Chern character. Recall that the kth Chern class is a polynomial in the variables ch d , see [MD95,
I/(2.14)'] for an explicit formula. In view of the calculation of Chern classes, in Corollary 3.1.35, we derive a formula for ch d , allowing to express all the products of type ch d 1 . . . ch dn in terms of known products between tautological classes in the rational cohomology ring ofM g,n (r). Recall that, the coarse space ofM g,n (r) coincides with that of the Deligne-Mumford compactification; therefore the rational cohomology rings are isomorphic and the intersections of kappa classes, psi classes and boundary classes are known.
In order to prepare the statement of Corollary 3.1.35 involvingM g,n (r), we need to introduce a set of notation analogous to 2.2.13.
3.1.26 Definition. Let us denote by V the singular locus of the coarse universal r-stable curve and let us write V ′ for the usual double cover of V . A node p ∈ V is nonseparating if the normalization at p of the fibre C ∋ p is connected. We say that p has type irr.
Let p ∈ S be a separating node in V . Let p ′ ∈ V ′ be a point lifting p = ε(p ′ ). The point p ′ is of type (l, I), where l ∈ {0, . . . , g} and I ⊂ [n] := {1, . . . , n} if the normalization at p of the fibre C ∋ p is the union of two disjoint curves C 1 and C 2 containing the first and the second branches attached to p ′ ∈ V ′ , having genera g and g − l, and marked at the points {x i | i ∈ I} and {x i | i ∈ [n] \ I}, respectively.
We observe that the type is a locally constant parameter. Therefore we have
and the natural morphisms
3.1.27 Remark. We apply the above definition to the singular locus Z of the universal r-stable curve onM r g,n and we get
For any separating node p, the normalization at p of the coarse space of the fibre C ∋ p is C 1 ⊔ C 2 , where C 1 contains the first branch. Note that p ′ ∈ Z ′ lifting p belongs to Z ′ q according to Notation 2.2.13.(c) if any only if we have
where S is the line bundle induced by the universal root via pushforward to the coarse space. It easily follows that a point p ′ ∈ Z ′ of type (l, I) belongs to Z q for q ∈ {0, . . . , r − 1} satisfying
In this way we refine the decomposition of Z ′ given in (3.1.28), and we get the disjoint union
) . We also define the natural morphisms
By definition Z ′ (l,I) , fits in the fibred diagram
whereas, for j (irr,q) , we have the fibre diagram We show this claim by studying the fibre. Fixing a point x ′ ∈ V ′ irr means choosing an n-pointed r-stable curve C and a nonseparating node x ∈ C, which we regard as Bµ µ µ r ֒→ C. Furthermore, it means choosing a branch of the node, whose tangent line can be regarded as a generator of Pic(Bµ µ µ r ). The geometric points of the fibre of p (irr,0) ⊔ · · · ⊔ p (irr,r−1) over x ′ ∈ S ′ irr are all the r 2g distinct rth roots of K on C. Each point can be assigned to a nonempty substacks H 0 , . . . , H r−1 according to the restriction homomorphism Pic(C) → Pic(Bµ µ µ r ). In this way H 0 , . . . , H r−1 realize the disjoint union of the fibres of p (irr,0) , . . . , and p (irr,r−1) . We claim that the stacks H i are all isomorphic, and therefore their degree equals (1/r) deg p. Indeed, we can choose an rth root T i in each substack H i and, via S → S ⊗ T ∨ i , identify H i to the stack of r-torsion line bundles which are trivially linearized at the node x ∈ C.
We denote by ψ i and κ d the classes defined as in Notation 3.1.1 in the cohomology ofM g,n (r). Similarly, we define the classes ψ and ψ in V ′ . Clearly their pullback via p, p (l,I) , and p (irr,q) yields the analogue classes inM r g,n . Theorem 1.1.2 can be written as follows.
3.1.35 Corollary. Let S be the universal rth root of (ω log )
on the universal r-stable curve. We have
where the cycles γ d in A d (S ′ (l,I) ) and A d (Z ′ (irr,q) ) are defined as in Theorem 1.1.2 and q(l, I) is the index fitting in (3.1.29).
An example
With an example we illustrate how the above formula allows us to calculate intersection numbers. When the locus Z ′ irr of curves with nonseparating nodes is empty, the calculation can take place in the standard moduli space of stable curves. Otherwise, the above corollary and the degree evaluations (3.1.33) allow us to carry out the calculation quite easily. The following example provides a simple demonstration in a case where Z ′ irr is nonempty. 3.2.1 Example (1-pointed genus-1 curves). In this example we take s = g = n = 1, m 1 = r + 1. This means that we look at the stackM r 1,1 of rth roots of ω log (−(r + 1)[x 1 ]) on r-stable genus-1 1-pointed curves. In this case the direct image of the universal rth root in the derived category is represented by −L where L is the line bundle R 1 π * S; this happens because each fibre is irreducible and the restriction of S on every fibre of the universal curve π : C →M r 1,1 has degree −1. As we see in Section 4, this example allows us to compute an invariant involved in Witten's conjecture. Applying Theorem 1.1.2, we show
First, we use the formula of Corollary 3.1.35 for d = 1 and get
Since π * (c 1 (ω π ) 2 ) vanishes, we have κ 1 = ψ 1 ; we write
Then the relation B n (x) − B n (x + 1) = −nx n−1 implies
where we used the formula of the second Bernoulli polynomial. We simplify and we evaluate γ 0 = 1
We evaluate the degree via pushforward toM g,n (r) (recall the diagram (3.1.32))
By (3.1.33), the degree of p (irr,q) is 1 (one could also directly check that each fibre consists of r copies of Bµ µ µ r ). We have
For any positive integer r we have
Indeed, assume that the relation holds for r − 1 and write r−2 q=1 q(r − q − 1) = (r − 2)(r − 1)r/6. Adding r−1 q=1 q = (r − 1)r/2 to both sides yields r−1 q=1 q(r − q) = (r − 2)(r − 1)r/6 + (r − 1)r/2 and, therefore, the claim. Using the formula (3.2.5), we get
Finally, we regard i (irr) * (1/2) as the boundary locus ofM 1,1 (r): the fundamental class of the substack of singular r-stable 1-pointed genus-1 curves. Note that such a substack contains only one r-stable curve up to isomorphism: the 1-pointed r-stable curve (X, x) over the nodal cubic (X, x) marked at a smooth point. Therefore, this substack is B Aut(X, x), where Aut(X, x) fits in the natural exact sequence
where Aut(X, x), (X , x)) is the group of automorphisms fixing the coarse space and is isomorphic to ∼ = µ µ µ r by [ACV03, Prop. 7.1.1]. Clearly Aut(X, x) is µ µ µ 2 generated by the hyperelliptic involution. Putting everything together we get deg i (irr) * (1/2) = 1/2r.
We evaluate deg ψ = 1/24 (this holds forM 1,1 (r), because the morphism toM 1,1 has degree 1 and ψ is a pullback fromM 1,1 ). We finally get
A different approach via Toen's GRR formula
As mentioned in the introduction, by a result of Toen [To99] , the Grothendieck Riemann-Roch calculation can be carried out entirely in the context of stacks, rather than via direct image followed by resolution of singularities. We illustrate this in detail for the case treated in the previous example. In Remark 3.3.10, we briefly illustrate how the calculation can be carried out in general.
3.3.1 Example. Consider the moduli stackM r 1,1 as in the previous example. Let π : C → X be the r-stable curve of genus 1 on a scheme Xétale on the moduli stack. Let ∆ be the divisor specifying the universal marking. The universal rth root is a line bundle defined on C. Let Z be the singular locus of C → X; note that Z has dimension 0 and it consists of several copies of Bµ µ µ r . Let Z ′ be the double cover of Z classifying the orders of the branches; as in Remark 2.1.7, we have
The morphism π is a morphism between a regular Deligne-Mumford stack and a regular scheme; therefore, Toen's theorem applies. In order to state it, we need to introduce some constructions deriving from the initial setting.
• First, note that all stabilizers are isomorphic to µ µ µ r . Throughout the example, we choose a primitive rth root of unity, which we denote by ξ.
• We consider the inertia stack I of C. By definition, it is the fibre product of C with itself over C × C. In this case, we have the following explicit description: we take a copy C(0) of C and r − 1 copies Z(1), . . . , Z(r − 1) of Z, and we have
and the natural morphism η : I → C. Naturally, as soon as we pass to the double cover Z ′ (i) each copies decomposes as a disjoint union of substacks Z ′ q (i) and we have the morphisms 3.4) analogue to the morphisms introduced in Notation 2.2.13.(g). The above morphisms are defined for 0 ≤ q, i < r; however, by taking a further copy Z(0) and Z ′ (0) of Z and Z ′ we extend the above definition (3.3.4) to the indexes i = 0 and 0 ≤ q < r so that j q,0 maps to I factoring through C(0).
• In the K-theory ring of I C tensored with C, we consider the homomorphism
defined as follows: if a bundle W is decomposed into a direct sum of eigenbundles W (i) with eigenvalue ξ i
Toen's GRR formula reads
where λ −1 is i (−1) i Λ i and we use the fact that ch(ρ(λ −1 N ∨ η )) is invertible by [To99, Lem. 4.6]. Over the connected component labelled with 0 in the inertia stack, the formula between brackets on the right hand side yields
where K is the first Chern class of the relative canonical line bundle. The degree 1 part yields the usual Riemann-Roch calculation of the degree of R • π * S. The contribution in degree 1 on X comes from the classes in degree 2. After pushforward to X we get
The same formula on the connected components Z ′ q (i) for i = 1, . . . , r − 1 reads
where ξ qi comes from the character induced by the universal rth root on Z ′ q (i) and from the definition (3.3.6) of ρ, whereas (1 − ξ i )(1 − ξ −i ) is obtained after splitting N ∨ into two lines with µ µ µ r -linearization ξ → ξ and ξ → ξ −1 , applying the definition of ρ, and using the fact that λ −1 is multiplicative.
A routine calculation using the formula 1
Therefore, pushing forward all the classes of dimension 0 mentioned above to X yields
Now, we can continue the calculation just as in the previous example, after identifying the above equation with (3.2.4) 3.3.10 Remark. We illustrate how this calculation can be carried out in general. As in the example above the calculation consists of a first part involving the component C(0) in the inertia stack of C and a second part involving the remaining components C(1), . . . , C(r − 1). We use the same notation as in the example. On C(0), the evaluation of the product ch(ρ(η * S)) ch
Toen's formula (3.3.7) can be obtained as follows. First, on C(0), the universal rth root is a line bundle S and an rth root of (ω log ) ⊗s (− i m i ∆ i ). In this way, we have
Note also that the normal sheaf N η vanishes on C(0). The formula expressing the Todd character is the same as in Mumford's calculation. Therefore, we can proceed as in Step 2 of the proof of the main theorem and we get the summands involving the kappa classes and the psi classes.
The evaluation of ch ρ(λ −1 N ∨ η ) −1 td ∨ (Ω π ) on the components C(1), . . . , C(r − 1) can be found in [Ts, §7.2.6] for any twisted curve. In the case of r-stable curves, the expression involves cohomology classes with coefficients in the rth cyclotomic field rather then Q. Finally, ch(ρ(η * S)) can be evaluated as follows. Note first that the restriction of the universal rth root S on C(1), . . . , C(r − 1) is an rth root of O (ω and its twists at the markings are trivial on the singular locus). This allows to show that, on C(i), the term ch(ρ(η * S)) can be regarded as the evaluation on ξ i of the character associated to S. After these evaluations we can check that the total contribution in the cohomology ring of the base scheme yields the last summand of the formula of Theorem 1.1.2. To this effect, as in the example above, we need to express the sum of the terms with coefficients in the representations in terms of rational coefficients. In the example, we used the equation (3.3.9), whereas the general result can be obtained by applying the formula
.
Applications and motivations
In the recent years the interest in the enumerative geometry of rth roots has been revived by two conjectures known as the crepant resolution conjecture and Witten's r-spin conjecture. We briefly illustrate some cases where Theorem 1.1.2 can be applied: the geometry of roots of O are related to the crepant resolution conjecture, whereas the roots of ω are related to Witten's conjecture.
The crepant resolution conjecture
We recall the prototype example of crepant resolution conjecture, our main reference is [BGP] and all facts illustrated here are already known. As in [BGP] we adopt a choice of a primitive rth root of unity ξ all throughout the example. To begin with, let us recall a known fact on twisted curves (see [Cad] , [Ol] ).
Remark (twisted curves).
We recall that the notion of twisted curves is more general than the notion of r-stable curve: it allows stabilizers of any finite order on the nodes and on the markings, see [AV02] . Adding stabilizers on the markings is easy: for any positive multiindex l 1 , . . . , l n , there is the following equivalence of categories. On the one hand, we consider the category of n-pointed twisted curves with representable (scheme-theoretic) smooth locus. On the other hand of the equivalence, we have the category of n-pointed twisted curves whose ith marking has stabilizer of order l i , see [Cad, Thm. 4 .1]. Let C → X be the morphism with representable smooth locus and write as C(l 1 , . . . , l n ) → X the twisted curve corresponding to C in the equivalence. Then, C(l i , . . . , l n ) carries a tautological l i th root M i of O(D i ) where D i is the divisor specifying the ith marking. We also have a natural morphism of stacks C(l i , . . . , l n ) → C. Any line bundle L on C(l i , . . . , l n ) can be described uniquely as a pullback from C tensored with M ⊗m i i for 0 ≤ m i < l i , see [Cad, Cor. 2.12] . In this way, any line bundle on C(l i , . . . , l n ) induces local indexes m i ∈ {0, . . . , l i − 1} at each node. We say that L is faithful if m i is prime to l i . We finally recall the following fact: the pushforward via C(l i , . . . , l n ) → C identifies faithful r-torsion line bundles on the twisted curve C(l i , . . . , l n ) with indexes m i on the ith point with rth roots of O(
The conjectural statement. We start from the µ µ µ r -action on C 2 ξ · (x, y) → (ξx, ξ −1 y) which commutes with the action of the torus T = G m × G m on C 2 . The conjecture claims that the equivariant genus-0 Gromov-Witten potentials of the resolution Y of the scheme C 2 /µ µ µ r and of the stack X = [C 2 /µ µ µ r ] are equal after a change of variables. A proof for r = 3 can be found in [BGP] , and a few other cases for low r are known. The definition of the equivariant Gromov-Witten potential of Y is classical, and an explicit calculation is possible by means of an embedding into a threefold for which the potential has been already computed, see [BGP, §2] .
We illustrate how Theorem 1.1.2 applies to the calculation of the Gromov-Witten potential of X . We recall the definition of the equivariant Gromov-Witten potential of X . The T -action on C 2 induces a T -action on X . Consider the moduli stack of stable maps to X . The inertia stack I X has r components corresponding to the elements of µ µ µ r , and each component is contractible; so, the cohomology of the inertia stacks has a canonical basis {D 0 , D 1 , D 2 , . . . , D r−1 }, where D 0 is the class of the point at the origin in the special component of the inertia stack identified to X . The equivariant Gromov-Witten potential of X is just a power series whose coefficients are classes in the ring of T -equivariant cohomology of the point
This is the precise definition of GW(n 0 , . . . , n r−1 ) in T -equivariant cohomology
whereM 0,n 0 +···+n r−1 (X , 0) is the stack of stable maps to X and ev i denotes the ith evaluation map (see [AV02] and [AGV] ). In (4.1.4), we write the formula (4.1.2) more explicitly in order to make clear that Theorem 1.1.2 can be efficiently applied in order to calculate the invariants. We proceed in three steps. In Step 1, we describe more explicitly the spaceM 0,n 0 +···+n r−1 (X , 0). In Step 2, we point out that the integral (4.1.2) only involves a special connected component ofM 0,n 0 +···+n r−1 (X , 0). In Step 3, we make explicit what we mean by integration against the virtual class.
(1) Step 1. The moduli stack.
Note, that stable maps of degree 0 factor through Bµ µ µ r ⊂ X ; therefore we can integrate overM 0,n 0 +···+n r−1 (Bµ µ µ r ). We recall thatM 0,n 0 +···+n r−1 (Bµ µ µ r ) is equipped with a universal curve and a universal morphism π : C →M 0,n 0 +···+n r−1 (Bµ µ µ r ) and
where f is representable. The above universal object is in fact a twisted curve of genus 0 equipped with an r-torsion line bundle. The condition of representability imposed on f can be rephrased as saying that the line bundle is faithful. Therefore, for each marking, there exist two coprime indexes (l, m) l and 0 ≤ m < l, such that the local picture is the line bundle
. Note that, in this way, we have defined the multiindexes (m 1 , . . . , m n ) and (l 1 , . . . , l n ), which are locally constant onM 0,n 0 +···+n r−1 (Bµ µ µ r ).
(2) Step 2. The class
i=n 0 +···+n r−2 +1 ev i * (D r−1 ). It is easy to see that such a class is supported on the connected component Z(n 0 , n 1 , . . . , n r−1 ) ⊂M 0,n 0 +n 1 +···+n r−1 (Bµ µ µ r ) of stable maps whose local indexes (l i , m i ) at the ith point equal (r/ hcf{r, j}, j/ hcf {r, j}), where j is the integer in {0, 1, . . . , r − 1} satisfying n 0 + · · · + n j−1 + 1 ≤ i ≤ n 0 + · · · + n j (set n −1 = 0). Using Remark 4.1.1, the stack Z(n 0 , n 1 , . . . , n r−1 ) can be regarded as the stack of faithful rth roots of
(4.1.3) on the universal twisted curves with trivial stabilizers at the markings.
(3)
Step 3. The virtual class.
Finally, for dimension reasons the only nontrivial computations occur for indexes n i satisfying n 0 = 0 and n 1 + · · · + n r−1 > 3 (this is the so called point axiom and follows from standard arguments using the morphisms forgetting one point, see [AGV, §7.2]). Furthermore, for degree reasons we notice that the connected component Z(0, n 1 , . . . , n r−1 ) is empty unless we have i in i ∈ rZ (this condition specializes to n 1 ≡ n 2 mod 3 in the case r = 3, see [BGP, A.2.(3)]). In the remaining cases the equivariant Gromov-Witten invariant is possibly nonzero and the virtual class can be evaluated as the Euler T -equivariant class of
where L ξ and L ξ are the line bundles on Bµ µ µ r associated to the µ µ µ r -representations ξ → ξ and ξ → ξ −1 . Notice that f * L ξ and f * L ξ on Z(0, n 1 , . . . , n r−1 ) can be regarded as the universal r-torsion line bundle T of O on C and its dual line bundle T ∨ , respectively. For n = i n i > 3 and i in i ∈ rZ, we get We finally draw the connection to the universal rth root on r-stable curves and to Theorem 1.1.2. The calculations (4.1.4) can be carried out on the stackM r 0,n of rth roots on n-pointed r-stable curves of the line bundle K of (4.1.3). It should be noted that the stackM r 0,n of rth roots on r-stable curves differs from Z(n 0 , n 1 , . . . , n r−1 ), because in the definition ofM r 0,n we require that all stabilizers at the nodes equal r. However, there is a natural morphism invertible on the interior, whose ramification indexes on the boundary can be explicitly handled, see [Ch2, Thm. 4.1.6].
OnM r 0,n , the pullback of R 1 π * (T ⊕ T ∨ ) yields the direct image via the universal r-stable curve π of the sum of S and S ∨ (− i [x i ]). Note that for both line bundles the sections of the restriction to each fibre of the r-stable curve π are necessarily zero because their rth power vanishes on each component (this is an easy consequence of Remark 4.1.1 or of Lemma 2.2.21 from the scheme-theoretic point of view). In this way, Theorem 1.1.2 provides the Chern character of R 1 π * (T ⊕ T ∨ ), whereas the standard formulae expressing Chern classes in terms of Chern characters [MD95, I/(2.14)'] allow us to derive the Gromov-Witten invariants. In general this calculation, although effective, could be hard to carry out in practice; however, note that for g = 0, the formula of Corollary 3.1.35 can be further simplified because Z irr is empty.
Enumerative geometry of r-spin structures
Witten's r-spin structures are objects ofM r g,n for
for 2g − 2 + n > 0 and 2g − 2 − n − i m i ∈ rZ with m i > 0. The interest in r-spin structures is mainly due to a conjecture by Witten first appeared in 1991 (see [Wi93] ) setting the link between the Gelfand-Dikiȋ hierarchy r-KdV and the enumerative geometry of the moduli stack M r g,n for 0 < m i ≤ r. The precise statement is given for any r ≥ 2 and is proven only for r = 2, [Ko92] . It concerns a potential F , assembling rational coefficients defined for all nonnegative integers g, n m = (m 1 , . . . , m n ), and a = (a 1 , . . . , a n ), satisfying the conditions 2g − 2 + n > 0, m i > 0, and 2g − 2 + n − i m i ∈ rZ. With such indexes, we construct the moduli stack of rth roots of K( m) with the corresponding universal r-stable curve and the universal rth root S( m). Then, we define
where c W ( m) is a cohomology class of degree −χ(S( m)) = h 1 (S( m) − h 0 (S( m)) inM r g,n known as Witten's top Chern class (see [PV01] or [Ch1] for two different but equivalent definitions).
Definition (the potential F ).
The potential F is the power series
where a and m are multiindexes with n coordinates and the summation is taken over the pairs ( a, m) satisfying 0 < m ≤ r and 2g − 2 + n − i m i ∈ rZ. First, observe that the integral of a cohomological class of positive dimension vanishes, we can restrict the summation over the indexes m and a in the definition of F by imposing
When written explicitly in the variables g, n, m, and a, the above condition becomes i (ra i + m i ) = (2g − 2 + n)(r + 1).
(4.2.3)
In this way, F can be equivalently defined by imposing (4.2.3) to the indexes m and a of the summations. The first advantage of this definition of F is that, if (4.2.3) is satisfied, we do not need to impose the condition 2g − 2 + n − i m i ∈ rZ, which follows as an immediate consequence. Furthermore, when (4.2.3) is satisfied, the numbers W g,n ( a, m) can be expressed in terms of the numbers W g,n (0, r a + m). In order to see this, let us introduce the change of variables ( m, a) → k = r a + m.
Note that, in the above definition of W g,m ( a, m), the coefficients m are involved implicitly in the definition ofM r g,n , the moduli stack of rth roots of K( m). Now, it is immediate to see thatM r g,n depends on m modulo multiindexes in (rZ) n . Then, via a canonical isomorphism, we regardM r g,n as the stack of rth roots of K( k) equipped with a universal rth root S( k). The universal root S( k) differs from the universal root S( m) of ω log (− i m i [x i ]) by a twist: In view of the definition of the potential F , we consider the above lemma for a and m satisfying i (ra i + m i ) = (r + 1)(2g − 2 + n). Then, the above equality identifies classes of dimension 0. As an immediate consequence we can calculate all numbers W g,n ( a, m) for 0 < m i ≤ r as W g,n (0, k) times the coefficient appearing between brackets in the equation (4.2.5). A chase through the definitions yields the following simplified definition of the potential F .
4.2.6 Proposition. We assume as usual r ≥ 2 and g, n satisfying (2g − 2 + n) > 0; we also set the notation l(g, n, r) = (r + 1)(2g − 2 + n).
We have Such a class is a generalization of the top Chern class: it coincides with c top (R 1 π * S) when S has no sections along each fibre of the universal r-stable curve (note that this implies π * S = 0 and R 1 π * S ∈ Vect). In general c W is not the top Chern class of a vector bundle, but it has the same cohomological degree as −χ(S( k)) We point out that for k satisfying i=1 k i = (r + 1)(2g − 2+ n) we have −χ(S) = dim(M r g,n ). Furthermore i k i = (r + 1)(2g − 2 + n) implies that the direct image π * L vanishes, because the relative degree of the universal rth root of K( k) is negative:
On the open substack of rth roots defined on irreducible r-stable curves the direct image R 1 π * L is a vector bundle of rank −χ(S) = dim(M r g,n ), because the r-spin structure has no section on each fibre. Away from the locus classifying irreducible curves, the direct image is not a vector bundle in general. We show this with some examples.
Assuming i k i = (r + 1)(2g − 2 + n), we provide three examples. In the first case, R 1 π * S is locally free and Witten's top Chern class is its top Chern class. In the second and third example, R 1 π * S has torsion (even if the condition i k i = (r + 1)(2g − 2 + n) guarantees that π * S vanishes) The second example shows that this happens in codimension 1 inside any moduli spaceM r g,n for g > 0 and (g, n) = (1, 1). The third example has the advantage of being very elementary and concrete, stack-theoretic curves do not appear.
Example.
Since every 1-pointed 1-stable curve is irreducible, we deduce that deg c W (r + 1) can be regarded as the first Chern class of the line bundle R 1 π * S on the stackM r 1,1 of rth roots of ω π (−r[x 1 ]). In this way, using the calculation carried out in Example 3.2.1 and the above Lemma 4.2.4, we get a verification of the prediction of Witten [Wi93] 4.2.10 Example. We exhibit an r-spin structure on a curve with n markings and multiindex k satisfying i k i = (r + 1)(2g − 2 + n). Consider a curve C of genus g with one node and two smooth irreducible components of genus 1 and g − 1. Assume that the markings belong to the component of genus g − 1. All r-spin structures are defined on the curve having stabilizer of order r on the node. In this case, the sections of any r-spin structure constantly vanish on the component of genus g − 1 for degree reasons. Using Lemma 2.2.21, one can regard the section of any r-spin structure on C as sections of a line bundle S ′ on a nodal curve C ′ obtained from C by normalization and by taking a projective line and gluing 0 and ∞ to the two branches of the node. There is a r-spin structure for which the corresponding line bundle S ′ on C ′ is simply obtained by gluing three line bundles defined on each component: the trivial line bundle on the curve of genus 1, O(1) on the rational component, and a line bundle on the remaining component whose global section are constantly 0. Now it is immediate to see that for such a line bundle H 0 is one-dimensional.
4.2.11
Example. Set r = 2, consider a curve of genus g > 0 with an even number n of markings, and choose a multiindex k 1 , . . . , k n such that i k i = 3(2g − 2 + n). If the curve is smooth, the 2-spin structures are square roots of a line bundle of degree −2(2g − 2 + n), therefore for all 2-spin structures we have H 0 = 0. We let the curve degenerate and acquire 2 nonseparating nodes: we now look at a curve C which is the union of a projective line P and a curve E of genus g − 1 meeting at two points. We choose the nodal curve in such a way that the markings belong to the irreducible component of genus 0. We consider a square root of ω log C (− k i [x i ]). Its degree on P is − i (k i − 1)/2 = −3(g − 1) − n, whereas on E the degree is g − 1. Since the degree on P is strictly negative, the sections of a square root S in Pic C, are sections of the restriction on E vanishing at the points meeting P . By construction, the restriction S| E is a theta characteristic of the curve E of genus g − 1. We can easily choose a curve E at the beginning with a theta characteristic having more than two linearly independent sections (see 
